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Let µI denote the minimal number of generators of an ideal I of a local ring
R;M. The Dilworth number dR = maxµI  I an ideal of R and Sperner
number spR = maxµMi  i ≥ 0 are determined in the case that R = AG,
where G = Z/pZk is an elementary abelian p-group, A; zA is a principal local
ring with A/zA of characteristic p > 0, and zn 6= 0 for small values of n. © 2000
Academic Press
1. INTRODUCTION
Questions on the numbers dR and spR for various classes of com-
mutative rings have been studied for some time [22, p. 49], although our
terminology for these numbers was initiated, as far as we know, in [24]. One
type of question that has been considered is the determination of the rings
R in a certain class with dR ≤ n for certain small values of n. For exam-
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ple, the rings R with dR ≤ 2 received much attention after Bass, in [5],
determined the finite abelian groups G such that the integral group ring
ZG satisfies dZG ≤ 2, and showed a relationship between the con-
dition dR ≤ 2 and the problem of when finitely generated torsion-free
R-modules are isomorphic to direct sums of ideals. (For this see [20, 21]
and the references listed there.) Similar studies of when a group ring AG
satisfies dAG ≤ n for small values of n were given in [2, 3, 15–17].
In [19] the objective is shifted from finding the rings R which satisfy
dR ≤ n for small values of n to finding formulas for dR for certain
classes of rings R. In [19, Theorem 4.4] a formula for dAZ/pjZ is ob-
tained, where A;m is an Artin local ring with m = pA, and in [4] this
is extended to a formula for dAZ/pjZ where A; zA is any princi-
pal Artin local ring with A/zA of characteristic p. In [18], dAZ/pZ ⊕
Z/pZ and spAZ/pZ ⊕ Z/pZ are determined where A;m is an
Artin local ring with m = pA. In this paper we improve on this by allowing
A; zA to be any principal local Artin ring with A/zA of characteristic
p, and allowing G to be any finite product of copies of Z/pZ, provided
zn 6= 0 for small values of n. Let φ denote the Euler totient function. The
main theorem is:
Theorem 1.1. Let A;m be an Artin local ring of characteristic pη,
η > 1, m = zA with pA = zeA, G = Z/pZk, and let α = mine;φp.
If mk−1φp+α 6= 0, then dAG = spAG = 1+ α
φp G − 1.
The equality dAG = spAG is of interest because it reduces the
apparently infinite problem of determining the supremum of µI  I an
ideal of AG to comparing µMn for finitely many n, where M is the
maximal ideal of AG. Further, the above result also shows that if c is
the smallest positive integer such that mc = 0, and for fixed p, k, and
e we consider dAG and spAG as functions of c, these functions
are constant (= 1 + α
φp G − 1) for c > k − 1φp + α. In particu-
lar, if c > k− 1φp + α, then to compute dAG, we may replace A
with A/zk−1φp+α+1, and thus the number of powers Mn one needs to
consider is independent of c for large c. Given this it is perhaps not sur-
prising that, as is shown in Section 5, the numbers dAG and spAG
take the same values as in the above theorem in the case that (A;m) is a
one-dimensional Noetherian local ring.
A related result is a theorem of Watanabe [12, Theorem 4.2] which says
that if R;M is an Artin local ring of embedding dimension at most 2,
that is µM ≤ 2, then dR = spR. Another is the well-known result
that if R;M is a 1-dimensional Noetherian ring that is Macaulay, then
dR = spR = eR, the multiplicity of R [22, p. 49]. Because of the lack
of similar results for local Artin rings of higher embedding dimension, our
proofs rely on a more detailed analysis of the arithmetic of AZ/pZk.
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Since the group rings of elementary abelian p-groups are of interest for
other reasons (for example, [1, 6, 7, 9, 10]), parts of this work may be of
use for other questions as well.
The case that A; zA is an Artin local ring of prime characteristic can
be handled more easily than if the characteristic of A is only a prime power,
since in the former case AG is a monomial complete intersection. That is,
AG ∼= B/I, where B;N is a regular local ring with a regular system of
parameters b0; b1; : : : ; bk and I = bc00 ; bc11 ; : : : ; bckk B. This case is dealt
with in the short Section 2. In Section 3 we give several results describ-
ing the arithmetic structure of AG, where G = Z/pZk and A; zA is
a principal Artin ring of finite characteristic pη, η > 1. In particular, for
each j, we select a minimal generating set for Mj from the set of natural
generators of Mj , and give some results on the properties of the represen-
tations of an element f ∈ AG in terms of these monomials. In Section
4 our results on spAG and dAG are given, including some further
information on their behavior as functions of c, where c is such that mc =
0 6= mc−1. In Section 5 we conclude by showing that if R;m is a one-
dimensional local (Noetherian) ring with R/m of characteristic p and G
is a finite abelian p-group, then dRG and spRG are dR/mcG
and spR/mcG for c large, and we apply this to obtain spAG and
dAG for certain one-dimensional group rings. In particular, this gives
the multiplicity of RZ/pZk if R;m is a principal valuation ring with
R/m of characteristic p.
2. THE CHARACTERISTIC p CASE
Let A; zA be a zero-dimensional local ring of prime characteristic p
and let G be a finite abelian p-group. Then for some set of indeterminates
X1, : : :, Xk, and positive integers e1 ≤ e2 ≤ · · · ≤ ek we have AG ∼=
AX1, : : :, Xk/1−Xp
e1
1 , : : :, 1−Xp
ek
k  = AY1, : : :, Yk/Yp
e1
1 , : : :, Y
pek
k 
= Ay1; : : : ; yk, where Yi = 1−Xi. Further, A is a homomorphic image of
a principal valuation ring by [11], and thus in this case, AG is a monomial
complete intersection. That is, AG ∼= B/I, where B;N is a regular
local ring with a regular system of parameters b0; b1; : : : ; bk and I =
bc00 ; bc11 ; : : : ; bckk B. We first recall a couple of lemmas from [19]. The first
is an immediate consequence of [23, Theorem 1].
Lemma 2.1. [19, Lemma 1.1]. Let R be a commutative ring and let
x1; : : : ; xn be an R-sequence. If f; f1; f2; : : : ; fk are monomials in x1; : : : ; xn
and f ∈ f1, f2, : : :, fkR, then f ∈ fiR for some i ∈ 1; : : : ; k.
Lemma 2.2. [19, Lemma 1.2]. Let A = R/J, where R;M is a regular
local ring of dimension n, M = y1; : : : ; ynR, and J is M-primary. Then
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dA = maxµI  I is an ideal generated by monomials in the images of
y1; y2; : : : yn in A.
Thus if A is as in Lemma 2.2, then in order to determine dA it suffices
to consider ideals generated by monomials in the images y1; y2; : : : ; yn of
y1; y2; : : : ; yn in A. Since (y1; y2; : : : ; yn) is an R-sequence, it follows from
Lemma 2.1 that the minimal generating sets of monomial ideals in A are
the antichains in the set PA of monomials of A in y1; y2; : : : ; yn, ordered
by divisibility. If J = ye1+11 ; ye2+12 ; : : : ; yen+1n , it also follows from [8] that
a monomial ideal I of A with µI maximal is Mj , where j is the integer
part of Pni=1 ei/2. Thus these lemmas give the following.
Proposition 2.3. [19, Proposition 1.3]. Let A = R/I, where R;M
is a regular local ring of dimension n, M = y1; : : : ; ynR, and I =
ye1+11 ; : : : ; yen+1n R. Then dA = spA = µmj, where m is the maximal
ideal of A and j is the integer part of Pni=1 ei/2,
From these results we get the following theorem on group rings.
Theorem 2.4. Let A; zA be an Artin local ring of characteristic p > 0.
Let G = ⊕ni=1Z/peiZ be a finite abelian p-group. Then
(1) dAG = spAG ≤ G.
(2) The inequality in (1) is an equality if and only if z
Pn
i=1pei−1 6= 0.
Proof. Assume zc 6= 0 = zc+1. Identify AG with AY1; : : : ; Yk/Yp
e1
1 ;
: : : ; Y
pek
k  = Ay1; : : : ; yk, where the Yi are indeterminates. The unique
maximal ideal of AG is M = z;MG, where MG = y1; : : : ; yk is the
augmentation ideal of AG. For each integer n ≥ 1 the set of monomials
zn−
Pk
i=1 aiy
a1
1 · · · yakk of degree n form an antichain generating Mn. The num-
ber of such monomials is largest when all choices of ai ∈ 0; : : : ; pei − 1
are possible. This happens exactly when c ≥ n ≥Pki=1pei − 1. In this case
the number of these monomials is G.
3. ARITHMETIC IN AZ/pZk, FOR A NOT OF
PRIME CHARACTERISTIC
Now we consider the case that A;m has characteristic pη, η > 1.
For this section and the next, A;m will be a zero-dimensional lo-
cal ring with m = zA, where pA = zeA and G = Z/pZk. Then
AZ/pZk ∼= AX1; : : : ;Xk/1 − Xp1 ; : : : ; 1 − Xpk  = Ax1; : : : ; xk,
M = z; 1− x1; : : : ; 1− xk is the the maximal ideal of AG, and MG =
1− x1; : : : ; 1− xk is the augmentation ideal. To simplify notation we set
yi = 1− xi.
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Lemma 3.1. For each j = 1; : : : ; k, and for each pair r, t of positive inte-
gers,
(a) ytφp+rj = ptyrj −1t +
Ptφp
i=1 wiy
i
j, wi ∈ A. Thus ytφp+rj AG
= ptyrjAG;
(b) for integers s ≥ 0, r > 0, Mk+sφp+rG = ps+1Mk−1φp+rG .
Proof. (a) For each j we have
1 = 1− xj + xjp =
pX
i=0

p
i

1− xjixp−ij =
pX
i=0

p
i

yijx
p−i
j ;
and thus
y
p
j = −
p−1X
i=1

p
i

yijx
p−i
j = −pyj
p−1X
i=1
1
p

p
i

yi−1j 1− yjp−i
= −pyj
p−1X
i=1
1
p

p
i

yi−1j
 p−iX
r=0

p− i
r

−yjr

= −pyj
p−1X
i=1
p−iX
r=0
−1r
p

p
i

p− i
r

yi+r−1j
= pyj

−1+
p−1X
t=1
uty
t
j

;
where ut ∈ A. Then
y
φp+r
j = yp+r−1j = pyj

− 1+
φpX
i=1
uiy
i
j

yr−1j = pyrj

− 1+
φpX
i=1
uiy
i
j

:
Using this and induction on t,
y
tφp+r
j = pyt−1φp+rj

− 1+
φpX
i=1
uiy
i
j

= p
 
pt−1yrj

−1t−1 +
t−1φpX
i=1
wiy
i
j
!
− 1+
φpX
i=1
uiy
i
j

= ptyrj

−1t +
tφpX
i=1
w′iy
i
j

; w′i ∈ A:
(b) Observe that if t > 0 and ya11 y
a2
2 · · · yakk ∈ Mkφp+tG , then sincePk
i=1 ai > kφp, ai > φp for some i. For ease of notation assume
i = 1. By part (a) of this lemma, ya11 y
a2
2 · · · yakk = yφp+a1−φp1 ya22 · · · yakk
= upya1−φp1 y
a2
2 · · · yakk ∈ pMk−1φp+tG , where u ∈ AG is a unit. This is
reversible, and iteration yields the result.
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We will call an element f = uza
Qk
i=1 yi
bi of AG, with u a unit in A, a
monomial, and if u = 1, f is said to be primitive. It will be convenient to
express elements of AG in terms of certain special monomials which we
now define.
Definition 3.2. Let f = uza
Qk
i=1 yi
bi ∈ AG be a monomial.
If e > φp, f is said to be in standard form if bi ≤ φp for each i.
If e ≤ φp, f is said to be in standard form if bi = 0 for all i or, if bt is
the last non-zero exponent, then 0 ≤ bi ≤ φp for 1 ≤ i < t and a < e.
The value of f = uzaQki=1 yibi is νf  = φpe a+Pki=1 bi:
Lemma 3.3. Let f = za
Qk
i=1 yi
bi ∈ AG. Then f = uh, where h =
zc
Qk
i=1 yi
di is in standard form, u is a unit in AG, c +Pki=1 di ≥ a +Pk
i=1 bi, and νh = νf .
Proof. Assume e ≤ φp. If bt is the last non-zero exponent and bj >
φp for some j < t, then by Lemma 3.1, there are units u1, u2 of AG
such that
f = u1za+e
Y
i 6=j
yi
bi

y
bj−φp
j = u2za
 Y
i 6=j; t
yi
bi

y
bj−φp
j y
bt+φp
t = u2f1:
Note that νf  = νf1, and the sums of the exponents are the same for
f = za
Qk
i=1 yi
bi and f1 = za
Q
i 6=j; t yibiy
bj−φp
j y
bt+φp
t . By repeating this
we may assume bj ≤ φp for each j < t. If a = qe + r, 0 ≤ r < e then
by Lemma 3.1, f = u1zr
Q
i 6=t yibiybt+qφpt for some unit u1 of AG and
r + qφp +Pki=1 bi ≥ a+Pki=1 bi:
Also νf  = φp
e
a + Pki=1 bi = φpe qe + r + Pki=1 bi = φpe r +Pt−1
i=1 bi + bt + qφp = νzr
Q
i 6=t yibiy
bt+qφp
t . Thus again the value is
unchanged.
The case e > φp is similar.
Theorem 3.4. Assume e ≤ φp. Let B = zsQ ybii  s +P bi = n be
the set of natural generators of Mn which are monomials in standard form.
Then the non-zero elements of B form a minimal generating set for Mn.
Proof. To show that each of the natural generators of Mn belongs to
the ideal generated by B let f = zae+r
Qt
i=1 y
bi
i with 1 ≤ r ≤ e, ae + r +P
bi = n. Then by the proof of Lemma 3.3, f = ug, where u is a unit
of AG, g = zae+r Qti=1 yb′ii , 0 ≤ b′i ≤ φp for 1 ≤ i ≤ t − 1, and ae +
r +Pti=1 b′i = n. Again by the proof of Lemma 3.3, g = u1h with u1 a
unit of AG, h = zrQt−1i=1 yb′ii yb′t+aφpt . Thus f = uu1zryb′t+aφpt Qt−1i=1 yb′ii
∈ zryb′t+aet
Qt−1
i=1 y
b′i
i AG ⊆ BAG.
It remains to show that each non-zero element of B cannot be expressed
in terms of the others. It is clear that zn is required as a generator if
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it is non-zero. Suppose the non-zero generator f = ze−s
Q
y
bi
i ∈ B is a
redundant generator. Then f must belong to the idealX
P
wj=n−e+sj
sj<s
ze−sj
Y
y
wi
i AG+
X
P
wj=n−e+s
wj 6=bj for some j
ze−s
Y
y
wi
i AG
+ XP
wj=n−e+sj
sj>s
ze−sj
Y
y
wi
i AG:
If bj = 0 for some j we apply the map xj 7→ 1 (so yj 7→ 0). Thus we may
assume 1 ≤ bj ≤ φp for 1 ≤ j < k. Assume bk = αφp + r > 0,
α ≥ 0, 1 ≤ r ≤ φp. Since 0 6= f = ze−sQ ybii , which is a unit
times zα+1e−sQk−1i=1 ybii yrk, then zα+1e−s 6= 0. By passing to the ring
A/zα+1e−s+1G we may assume 0 = zα+1e−s+1. Now multiply f by
g = Qk−1i=1 yφp−bii yφp−rk to get fg = ze−sQk−1i=1 yφpi yα+1φpk . This
monomial is non-zero since fg = uzα+1e−s
Qk
i=1 y
φp
i and must belong to
the ideal X
sj<s
ze−sj yφp−r+wkk
k−1Y
i=1
y
φp−bi+wi
i AG
+ XP
wj=n−e+s
wj 6=bj for some j
ze−syφp−r+wkk
k−1Y
i=1
y
φp−bi+wi
i AG
+X
sj>s
ze−sj yφp−r+wkk
k−1Y
i=1
y
φp−bi+wi
i AG:
We will reach a contradiction by using Lemma 3.1 to show that each of the
monomials
ze−sj yφp−r+wkk
k−1Y
i=1
y
φp−bi+wi
i
in the above sum is zero.
In the first summation the sum of the exponents of the yi is
k−1X
i=1
φp − bi +wi +φp − r +wk
= kφp −
kX
i=1
bi + bk +
kX
i=1
wi − r
= kφp −
kX
i=1
bi + αφp + r +
kX
i=1
wi − r
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= k+ αφp −
kX
i=1
bi +
kX
i=1
wi
= k+ αφp − n− e+ s + n− e+ sj
= k+ αφp + sj − s:
If α = 0, ze−sj = 0 since sj < s. Thus assume α > 0. Then the sum of
the exponents is kφp + α− 1φp + φp − s − sj and φp − s −
sj ≥ 1. Thus by Lemma 3.1-(b), each of these monomials is contained in
zαeze−sjAG = zα+1e−sjAG, and this is 0, since sj < s.
In the third summation the sum of the exponents is
k−1X
i=1
φp − bi +wi +φp − r +wk
= k+ αφp + sj − s ≥ k+ αφp + 1
since sj > s. Thus each of these monomials is contained in zα+1ez
e−sjAG
= zα+2e−sjAG by Lemma 3.1-(b). But since e > sj − s, α+ 2e− sj >
α+ 1e− s, and thus zα+2e−sjAG = 0.
To show that the second summation is zero we consider four cases:
Case 1. wk > bk = αφp + r. Then the exponent of yk is φp − r +
wk > α+ 1φp. Applying Lemma 3.1 to yk we get an additional factor
of zα+1e. Thus each such term contains a multiple of zα+2e−s = 0.
Case 2. wk = bk. Since we must have wi > bi for some i < k, then
for this i, yi has exponent φp − bi + wi > φp. Also, yk has exponent
φp − r + αφp + r = 1+ αφp. Thus we may apply Lemma 3.1 to
yk and yi to increase the exponent e− s of z by α+ 1e. Again each term
of this form contains a factor of zα+2e−s = 0.
Case 3. wk < r. Then
k−1X
i=1
φp − bi +wi = k− 1φp −
kX
i=1
bi + bk +
kX
i=1
wi −wk
= k− 1φp + bk −wk = k− 1φp + αφp + r −wk
> k− 1φp + αφp:
This is in zα+1eze−sAG = 0 by applying Lemma 3.1-(b) with k− 1 in
place of k.
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Case 4. r ≤ wk < bk. Then wk = βφp + r∗, where r ≤ r∗ < φp + r.
So
k−1X
i=1
φp − bi +wi = k− 1φp −
kX
i=1
bi + bk +
kX
i=1
wi −wk
= k− 1φp + bk −wk = k− 1φp + α− βφp + r − r∗
and
φp − r +wk = β+ 1φp + r∗ − r:
We have r ≤ r∗, and if r < r∗ we get an additional factor of zα−βe by
applying Lemma 3.1 (with Z/pZk−1 in place of Z/pZk) to powers yi,
1 ≤ i ≤ k− 1 and a factor of zβ+1e from yk. Thus each term of this form
contains a factor of zα+2e−s = 0.
If r∗ = r then, after applying Lemma 3.1, we get a factor of zα−βe from
the yi, 1 ≤ i ≤ k− 1 and a factor of zβe from yk. Therefore each term of this
form contains a factor of zα+1e−s. Let w′i denote the reduced exponents
after Lemma 3.1 has been applied to these powers of the yi. Then
Pk−1
i=1 w
′
i
= k− 1φp, w′k = φp, and we have
φp − bi +wi = tiφp +w′i for i = 1; : : : ; k− 1:
If w′i = φp for each i = 1; : : : ; k− 1 then
wi ≡ bi mod φp and wk ≡ r mod φp:
Thus since 1 ≤ bi ≤ φp and 0 ≤ wi ≤ φp for i < k, either wi = bi or
wi = 0 and bi = φp for i < k. Also
Pk
i=1 bi =
Pk
i=1wi, and thus wk ≥ bk.
This contradicts the assumption r ≤ wk < bk.
If w′i < φp for some i then w′j > φp for some j and we obtain an
additional factor of ze. Thus each term contains a factor of zα+2e−s = 0.
Theorem 3.5. Assume e > φp. Let B = zb0 Q ybii  Pki=0 bi = n and
0 ≤ bi ≤ φp for i = 1; : : : ; k be the set of natural generators of Mn
which are monomials in standard form. Then the non-zero elements of B
form a minimal generating set for Mn.
Proof. It follows as in the proof of Theorem 3.4 that BAG = Mn. It is
clear that zn is required as a generator if it is non-zero. Suppose the non-
zero generator f = zb0
Q
y
bi
i ∈ B is a redundant generator. Then f must
belong to the ideal X
P
wj=n
wi 6=bi for some i
zw0
Y
y
wi
i AG:
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If bj = 0 for some j we apply the map xj 7→ 1 (so yj 7→ 0). Thus we may as-
sume 1 ≤ bj ≤ φp for 1 ≤ j ≤ k. Now pass to the ring A/zb0+1G, and
multiply f by g =
Qk
i=1 y
φp−bi
i to get fg = zb0
Qk
i=1 y
φp
i . This monomial
is non-zero and must belong to the ideal
X
P
wj=n
wj 6=bj for some j
zw0
kY
i=1
y
φp−bi+wi
i AG:
Since wi 6= bi for some i and
Pk
i=0wi =
Pk
i=0 bi, by Lemma 3.1 each term
zw0
Qk
i=1 y
φp−bi+wi
i AG is contained in zb0+1AG = 0.
If A;m is a Gorenstein ring then the socle of A, denoted SA, is the
annihilator of the maximal ideal m. When A is an Artin Gorenstein ring
SA is a one-dimensional vector space over A/m. In particular, the last
non-zero power of the maximal ideal must be principal. We now determine
the socle of AG.
Proposition 3.6. Let n be such that zn−1 6= 0 = zn, and write n =
i− 1e+ r with 1 ≤ r ≤ e.
(a) If e ≤ φp then SAG = Mi+k−1φp+r−1
= zr−1yiφpk
Qk−1
i=1 y
φp
i .
(b) If e > φp then SAG = Mn−1+kφp = zn−1Qki=1 yiφp.
Proof. (a) By Lemma 3.1, yiφpj = p
i−1yφpj u for some unit u of
AG, and this is zei−1yφpj v 6= 0, for some unit v of AG. Also for
f = zr−1yiφpk
Qk−1
i=1 y
φp
i and j = 1, : : :, k− 1, Lemma 3.1 gives
yjf = zr−1ypj yiφpk
Y
j 6=i 6=k
yi
φp = v1zr−1zeyjyiφpk
Y
j 6=i 6=k
yi
φp
=u1zie+r−1yj
Y
i 6=j
y
φp
j = 0;
where v1, u1 are units of AG. Similarly ykf = 0 = zf .
Further if g = za
Qk
i=1 y
bi
i ∈ AG with a+
P
bi ≥ i+k− 1φp+ r we
claim g = 0. By Lemma 3.3 we may assume g is in standard form. Now if
a ≤ r− 1 and bt is the last non-zero exponent, then bt > iφp and g = 0. If
e > a ≥ r then bt ≥ i− 1φp + φp + r − a, and so g is a multiple of
zi−1e+a = 0. Therefore Mi+k−1φp+r−1 = zr−1Qk−1i=1 yiφpykiφp 6= 0
and Mi+k−1φp+r = 0.
(b) The argument is similar to that of (a).
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It follows from Theorems 3.4 and 3.5 that to each primitive monomial
f = za
Qk
i=1 yi
bi in standard form we can associate a unique k+ 1-tuple
νf , Pki=1 bi, Pki=2 bi, : : :, bk ∈ ×k, and we define an order on mono-
mials in standard form by using the lexicographic order on these k + 1-
tuples. For example, if 2 > φp
e
= νz > 1, the elements of smallest value
are y1, y2, : : :, yk. The k smallest elements are then y1 < y2 < · · · < yk. In-
deed the associated k + 1-tuples are respectively, 1; 1; 0; 0; 0; : : : ; 0; 0,
1; 1; 1; 0; 0; : : : ; 0; 0, 1; 1; 1; 1; 0; : : : ; 0; 0; : : : . Since z is the only ele-
ment of next smallest value, 2 > νz > 1, z is next smallest after yk. Next
come the elements of value 2. These are yiyj , 1 ≤ i, j ≤ k, and they are
ordered by y21 < y1y2 < y1y3 < · · · < y1yk < y22 < y2y3 < · · · .
Though, in general, order is not preserved by multiplication, Lemma 3.8
shows that multiplication by monomials preserves order in some cases. First
we need a simple result on the value function.
Lemma 3.7. Let f = za
Qk
i=1 yi
bi be a monomial in AG.
(a) If fz 6= 0, then νfz = νf  + φp
e
.
(b) If fyt 6= 0, then νfyt = νf  + 1 for t = 1; : : : ; k.
Lemma 3.8. Let f1 = za
Qk
i=1 yi
bi and f2 = zc
Qk
i=1 yi
di ∈ AG be mono-
mials in standard form with f1 < f2.
(a) If bi = 0 for all i and zf2 is in standard form, then zf1 < zf2.
(b) If bt is the last non-zero exponent in f1 and f2yt is in standard form,
then f1yt < f2yt :
Proof. If νf1 < νf2 then νzf1 < νzf2 so zf1 < zf2. If νf1 =
νf2 and
Pk
i=1 bi <
Pk
i=1 di then νzf1 = νzf2 as above. FurtherPk
i=1 bi + 1 <
Pk
i=1 di + 1, so f1g < f2g. The other cases are similar.
The proof of (b) is similar to that of (a).
Since AG is an Artin local ring with maximal ideal M = z; y1; : : : ; yk,
there are only finitely many primitive monomials za
Qk
i=1 yi
bi , and by Theo-
rems 3.4 and 3.5, every element f ∈ AG can be written in the form f =
r0 + r1v1 + · · · + rnvn, where vj = zaj
Qk
i=1 y
bji
i is in standard form, each rj
is zero or a unit in A, and v1 < v2 < · · · < vn, where vn is the largest of the
primitive monomials za
Qk
i=1 yi
bi in AG in standard form. If we choose
the coefficients ri from a fixed set of representatives of A/m, the repre-
sentation f = r0 + r1v1 + · · · + rnvn is even unique. This follows from the
following result, which is probably well known.
Proposition 3.9. Let A;m be an Artin local ring with mN 6= 0 = mN+1
and let vnt−1+1; : : : ; vnt ∈ mt\mt+1 be elements whose images form a basis
of mt/mt+1 over A/m for each t ≥ 0. Let U0A ⊆ A be a complete set of
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representatives for the non-zero elements of A/m. Then each y ∈ A can be
written uniquely as y =PnNi=0 bivi, where bi ∈ U0A ∪ 0.
Proof. That each y ∈ A can be written as asserted is clear. We must
show that if
PnN
i=0 aivi =
PnN
i=0 bivi with ai; bi ∈ U0A ∪ 0, then ai = bi
for each i. Considering this equation in A/m, we get a0 ≡ b0 modm, and
thus a0 = b0. Subtracting the first term from both sides, we may consider
the equation
PnN
i=1 aivi =
PnN
i=1 bivi in m/m
2. This gives ai ≡ bi modm,
and thus ai = bi for i = n0 + 1, : : :, n1. Next subtract these n1 terms
from both sides and consider the remainders in m2/m3, and so on.
The above uniqueness has some limitations, however, since multiplication
of an expression f =
Pn
i=0 rivi, where each ri is either zero or a unit, by a
unit in A can cause substantial changes in its form. We consider a simple
example.
Example. In the case AG = Z/9ZZ/3Z, the primitive monomials
in standard form are 1; 3; y; y2; y3; y4, since y4 6= y5 = 0 [17, Theorem 4.6].
In this case the first part of the proof of Lemma 3.1 gives
y3 = −3y1− y:
Multiplying both sides by 1+ y + y2 + y3 + y4 gives y31+ y + y2 + y3 + y4
= −3y. Thus −3y = y3 + y4. This yields representations −y = 2y + y3 + y4,
4y = y + 3y = y − y3 + y4 = y − y3 − y4, 4y2 = y2 − y4, 4y3 = y3, and
so on.
We return to the general case of AZ/pZk and fix a set S of repre-
sentatives of A/zA. A representation f = Pni=0 rivi, with each ri either a
unit or zero, can be converted into one with coefficients in S by writing ri
as
P
j≥0 ai jzj , ai j ∈ S, and converting any resulting primitive monomial that
is not in standard form into a sum of monomials in standard form. (See
the proof of Lemma 3.10.) Thus since the representation f = Pni=0 aivi is
unique when we restrict the coefficients ai to be in S, it follows that the
smallest primitive monomial occurring in any representation is the same in
all representaions f = Pni=0 rivi, with each ri either a unit or zero. Thus if
f =
Pn
i=0 rivi, with each ri either a unit or zero, and if t is minimal with
rt 6= 0, the monomial vt is called the leading primitive monomial of f . In this
case we define νf  = νvt and depth(f ) = n+ 1− t. If B = f1; : : : ; fs
then depth(B) is defined as
Ps
i=1 depthfi.
Lemma 3.10. Let e ≤ φp and f = zcQti=1 yidi ∈ AG be a primitive
monomial in standard form with dt 6= 0.
(a) If zf 6= 0 and zf is not in standard form, then yφp+dtt
Qt−1
i=1 yi
di is
the leading primitive monomial of zf .
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(b) If yjf 6= 0 and yjf is not in standard form, then
yjy
φp+dt
t z
cQ
1≤i≤t−1;i 6=j yidi is the leading primitive monomial of zf .
Proof. (a) By Lemma 3.1-(a), for some unit u of A we have
zf = ze
tY
i=1
yi
di = up
tY
i=1
yi
di = u−1+ αyφp+dtt
t−1Y
i=1
yi
di ; (1)
where α is a sum of terms of the form upaybt with a ≥ 0 and b ≥ 1.
The monomial −uyφp+dtt
Qt−1
i=1 yi
di is either zero or in standard form. If
α contains a term upaybt with a > 0, then the same argument applied to
upy
φp+dt
t
Qt−1
i=1 yi
di shows that the k + 1-tuple associated to each of the
monomials upaybt y
φp+dt
t
Qt−1
i=1 yi
di coming from αyφp+dtt
Qt−1
i=1 yi
di is larger
than the k+ 1-tuple associated to −uyφp+dtt
Qt−1
i=1 yi
di . Each of the mono-
mials ybt y
φp+dt
t
Qt−1
i=1 yi
di coming from a term u1ybt of α is also larger than
−uyφp+dtt
Qt−1
i=1 yi
di and is zero if −uyφp+dtt
Qt−1
i=1 yi
di = 0. This proves (a).
(b) Using Lemma 3.1 as above we get
yjz
c
Y
1≤i≤t
yi
di = yφp+1j zc
Y
1≤i≤t
i 6=j
yi
di = pyj−1+ α
Y
1≤i≤t
i 6=j
yi
di
= yj−1+ αpydtt 
Y
1≤i≤t−1
i 6=j
yi
di
= yj−1+ α−1+ βyφp+dtt
Y
1≤i≤t−1
i 6=j
yi
di
=

yjy
φp+dt
t +
X
i; j≥1
uivjy
1+i
j y
φp+dt+j
t
 Y
1≤i≤t−1
i 6=j
yi
di ;
where α is a sum of terms of the form paybj and β is a sum of terms of the
form paybt .
We may apply the same to each of the terms yi1y
j
t with i > 1 and j >
φp + bt . If 1 + i = φp + ri, the terms uivjy1+i1 yφp+dt+jt get replaced
with uivjy
ri
1 y
φp+dt+φp
t plus a sum of higher terms.
4. THE DILWORTH AND SPERNER NUMBERS OF AG
FOR A ARTINIAN
In this section we retain the notation given in the introduction of Sec-
tion 3 unless stated otherwise. For the next result, observe that since pk =
1+ p− 1Pk−1i=0 pi, e ≤ φp ⇔ 1+ ePk−1i=0 pi ≤ pk.
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Proposition 4.1. dAG ≤ min1+ ePk−1i=0 pi; pk.
Proof. First assume e ≤ φp. Let I be an ideal of AG, and let
f1; : : : ; ft be a set of generators of I of minimal depth. We may as-
sume that if rjvj is the leading term of fi then rj = 1.
Let
E=

a; b1; : : : ; bk
 za kY
i=1
yi
bi is the leading monomial of fi for some i

;
and let
Et = a; b1; : : : ; bt; 0; : : : ; 0 ∈ E  bt ≥ 1:
Suppose a; b1; : : : ; bt−1; bt; : : : ; 0, a; b1; : : : ; bt−1; b∗t ; : : : ; 0 ∈ Et ,
bt < b
∗
t , represent exponents of the leading monomials of f1, f2, respec-
tively. Then h1 = za
Qt
i=1 y
bi
i is the leading monomial of f1. Let g =
uzc
Qs
i=1 y
di
i be another monomial occurring in f1 with u a unit of A and
ds ≥ 1. Thus h1 < g, and yth1 is in standard form. If ytg is also in standard
form, then it follows that
yth1 = ytza
tY
i=1
y
bi
i < ytz
c
sY
i=1
y
di
i = ytg:
Thus assume ytg is not zero and is not in standard form. Then t 6= s.
Case 1. t < s. Then by Lemma 3.10-(b), the leading term of ytg is
h = ytyφp+dss zc
Y
1≤i≤s−1
i 6=t
yi
di > ytz
a
tY
i=1
y
bi
i = yth1: (2)
To see the inequality let
α0; α1; : : : ; αk =

νh1;
kX
i=1
bi;
kX
i=2
bi; : : : ; bt; 0; : : : ; 0

and
β0; β1; : : : ; βk =

νg;
kX
i=1
di;
kX
i=2
di; : : : ; ds; 0; : : : ; 0

be the k+ 1-tuples associated to h1 and g, respectively. Let j be the first
w such that αw 6= βw. Then αj < βj and j ≤ t + 1.
Let α′0; α′1; : : : ; α′k and β′0; β′1; : : : ; β′k be the k + 1-tuples associ-
ated to yth1 and h, respectively. Then α
′
i = αi + 1 for i = 0; 1; : : : ; t.
Similarly β′i = βi + 1 for i = 0; 1; : : : ; t. Thus j is the first w such that
α′w 6= β′w, and α′j < β′j . Thus the inequality (2) holds.
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Case 2-(a). t > s ≥ j. That the inequality (2) holds in this case is similar
to Case 1.
Case 2-(b). t ≥ j > s. This case is ruled out by h1 < g.
By repeating this b∗t − bt times we see that the leading monomial of
yt
b∗t−bt f1 is za
Qt−1
i=1 y
bi
i yb
∗
t
t . Thus replacing f2 with f2 − ytb∗t−bt f1 yields a
generating set of lower depth, contradicting our choice of generating set
f1; : : : ; ft. Therefore the cardinality of Et is at most ept−1.
Let Ez = a; 0; : : : ; 0 ∈ E. Let a1; 0; : : : ; 0, a2; 0; : : : ; 0 ∈ Ez, a1 ≤
a2 represent exponents of the leading monomials of f1, f2, respectively. If
a1 < a2, then by applying Lemma 3.10-(a) as above, it follows that za2 is the
leading monomial of za2−a1f1. Thus replacing f2 with f2 − za2−a1f1 yields a
generating set of lower depth. Therefore the cardinality of Ez is at most 1.
We now have that the cardinality of E = Ez ∪ E1 ∪ : : : ∪ Ek is at most
1+ ePk−1i=0 pi.
If e > φp, the proof that dAG ≤ pk is similar.
Let c be the smallest positive integer such that mc = 0. The following
theorem shows that if we fix p, k ≥ 2 and e ≤ φp, and consider dAG
and spAG as functions of c, dAGc is constant (= 1+ ePk−1i=1 pi)
for c > ke, whereas spAGc is constant (= 1 + ePk−1i=1 pi) for c >
k− 1φp + e.
Lemma 4.2. Let A;m be a quasilocal ring of characteristic pη, η > 1,
let H be a group, and let h ∈ H have period pj . If c = pj + η− 1φpj − 1,
then 1 − hc 6= 0 = 1 − hc+1. In particular if G = Z/pZk, and c =
ηp− 1, then ycj 6= 0 = yc+1j .
Proof. This follows from [19, Theorem 4.6], which gives the case that
A = Z/pηZ, and h is the generator of H = Z/pjZ. The general case
follows from the embedding Z/pηZZ/pjZ → AH, which takes the
generator of Z/pjZ to h.
Theorem 4.3. Let A;m be an Artin local ring of characteristic pη, η >
1, m = zA with p = uze, u a unit of A, e ≤ φp, and n = k− 1φp + e.
Let G = Z/pZk.
(a) If zn 6= 0, then µMn = 1 + ePk−1i=0 pi. Thus spAG = 1 +
e
Pk−1
i=0 p
i.
(b) If zn = 0, k ≥ 2, and zk−1e 6= 0, then µMn = ePk−1i=0 pi =
spAG.
(c) If k ≥ 2, zke 6= 0, and I = zjAG +Per=0 ze−rMk−1φp+rG , where
ke ≤ j ≤ kφp, then I requires 1+ ePk−1i=0 pi generators. Thus dAG =
1+ ePk−1i=1 pi.
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Proof. (a) By Theorem 3.4, the set B of natural generators of Mn,
which are monomials in standard form, is a minimal generating set for Mn.
Let Bt = f = zb0
Qk
i=1 yi
bi ∈ B  bt 6= 0, bi = 0 for i > t. Then B is the
disjoint union of the Bi, i = 0; 1; : : : ; k.
If f = zb0
Qk
i=1 yi
bi ∈ Bt , t ≥ 1, then b0 ≤ e − 1 and 0 ≤ bi ≤ φp for
i ∈ 1; 2; : : : ; t − 1. The non-zero exponent bt is then determined by the
requirement
Pt
i=0 bi = n. Since 0 6= zn = zk−1φp+e, and e ≤ φp, then
0 6= zk−1e+eA = zkeA = pkA. Thus by Lemma 4.2, yk+1φpt 6= 0.
Therefore there is no other restriction on bt . Thus
Bt = ept−1 for 1 < t ≤
k since we have e choices for the exponent b0 of z and p choices for each
of the exponents bi of yi, i = 1; : : : ; t − 1. The cardinality of B0 is 1 and
so |B| = 1+Pk−1i=0 epi. Thus spAG ≥ 1+ ePk−1i=0 pi. But then equality
holds by Proposition 4.1 since spAG ≤ dAG.
For (b), to determine µMn, define B as above, and similarly define
Bt = f = zb0
Qk
i=1 yi
bi ∈ B  bt 6= 0, bi = 0 for i > t. Then B0 = ∅ since
zn = 0. However, since k − 1e ≥ e and zk−1e 6= 0, again Bt  = ept−1
for 1 ≤ t ≤ k since we have e choices for the exponent b0 of z and p
choices for each of the exponents bi of yi, i = 1; : : : ; t − 1. Again the
non-zero exponent bt is determined by the requirement
Pt
i=0 bi = n =
k − 1φp + e, and there is no other restriction on bt since, as above,
0 6= zk−1eA = pk−1A, and thus by Lemma 4.2, ykφpt 6= 0.
If e < φp, the same holds for Mn+j , j = 1; 2; : : : ; φp − e. However,
if j > φp − e = s, some of the monomials f = zb0 Qki=1 yibi ∈ B with
bt 6= 0, bi = 0 for i > t, and
Pt
i=0 bi = n + j may be zero since we may
have yn+jt = y
k−1φp+e+j+φp−e−s
t = y
kφp+j−s
t = 0. In any case B0 =
0 and Bt  ≤ ept−1 for 1 ≤ t ≤ k, and thus µMn+j ≤ e
Pk−1
i=0 p
i.
Considering powers Mj , with j < n, for a generator f = zb0
Q
y
bi
i ∈ Bt ,
t > 0 of Mj , we have mine; j + 1 choices for the exponent b0 of z and at
most p choices for each of the exponents bi of yi, i = 1; : : : ; t − 1. However,
the requirement
Pt
i=0 bi = j and the inequality j < n = k − 1φp + e
mean that not all such choices of exponents are possible. For example,
f = ze−1yk
Qk−1
i=1 y
φp
i 6∈ Bk. In any case µMj ≤ e
Pk−1
i=0 p
i.
For (c) let A = A/zk−1e+1, and let a denote the image of a in AG.
Since zk−1e 6= 0 in A, the proof of part (b) shows that the set of ePk−1i=0 pi
natural generators in standard form of M
n
=
Pe
r=1 z
e−rMk−1φp+rG is a
minimal generating set for M
n
. Since zj is not in the span of the nat-
ural generators in standard form of
Pe
r=1 z
e−rMk−1φp+rG , µI = 1 +
e
Pk−1
i=0 p
i.
Theorem 4.4. Let A;m be an Artin local ring of characteristic pη,
η > 1 and m = zA with p = uze, u a unit of A, and e > φp. Let
G = Z/pZk. If mkφp 6= 0, then µMkφp = pk. Thus spAG = pk.
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Proof. As in Theorem 3.5, let B be the set of natural generators of Mn
which are monomials in standard form. Then B = pk since we have p
choices for each of the exponents bi of yi, i = 1; : : : ; k. The exponent b0
is then determined by the requirement
Pt
i=0 bi = n, and there is no other
restriction on b0 since zkφp 6= 0.
Separating the cases e ≤ φp and e > φp, we restate Theorem 1.1 as
follows.
Theorem 4.5. Let A;m be an Artin local ring of characteristic pη,
η > 1 and m = zA with p = uze, u a unit of A. Let G = Z/pZk.
(a) If e ≤ φp and mk−1φp+e 6= 0, then dAG = spAG =
1+ ePk−1i=0 pi.
(b) If e > φp and mkφp 6= 0, then dAG = spAG = pk.
Proof. This is immediate from Theorems 4.3 and 4.4.
Proposition 4.6. If e = 1, m2 = 0 6= m, and k ≥ 2, then dAG ≤Pk−1
i=1 p
i.
Proof. We use the notation of the proof of Proposition 4.1 with z = p.
It suffices to show that Ep = ∅ or Et  < pt−1 for some t. It follows from
the hypothesis that 1; 0; 0; : : : ; 0 is the only possible element of Ep. If
Ep 6= ∅ and Et  = pt−1 for each t, then 1; 0; 0; : : : ; 0, 0; b; 0; : : : ; 0,
0; φp; c; : : : ; 0 ∈ E for some non-zero b and c. We have νp = p−
1 = νyφpj  for each j, and adjacent elements p < yφp1 < yφp−11 y2 <
y
φp−2
1 y
2
2 < · · ·. Let
f = p+ u1yφp1 + u2yφp−11 y2 + · · · + upyφp2
+ · · · + ukpyφpk + larger terms
g = yb1 + larger terms
h = yφp1 yc2 + larger terms
be the corresponding generators.
Case 1. u1 6= 0. Consider
fyc2 =pyc2 + u1yφp1 yc2 + u2yp−21 y1+c2 + · · · + upyφp+c2
+ · · · + ukpyc2yφpk + higher terms :
The monomial pyc2 of fy
c
2 is not in standard form. The same holds also
for monomials yc2
Qk
i=1 y
bi
i , where
Qk
i=1 y
bi
i is a monomial occurring in the
representation of f as a sum of monomials in standard form, with b2 +
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c > φp and some bt 6= 0 with t > 2. It follows from Lemma 3.10 that
u1y
φp
1 y
c
2 is the leading term of fy
c
2 . Thus replacing h with h− u−11 fyc2 we
get a generating set of smaller depth.
Case 2. u1 = 0 and b ≤ φp. It follows from Lemma 3.10 that the lead-
ing monomial of gyφp−b1 y
c
2 is y
φp
1 y
c
2 . Thus replacing h by h− gyφp−b1 yc2
yields a generating set of lesser depth.
Case 3. u1 = 0 and b ≥ p. Let a = b − φp. By Lemma 3.1
y
2φp+1
1 = 0, and thus it follows from Lemma 3.10 that py
a
1 = y
φp+a
1Pφp−a
i=0 viy
i
1 = y
b
1
P2φp−b
i=0 viy
i
1 =
P2φp
i=b vi−by
i
1, where each vi is zero or a
unit of A, and v0 = −1. Thus
fy
b−φp
1 = pya1 + u1yφp+a1 + u2yφp−1+a1 y2 + · · · + upya1 yφp2
+ · · · + ukpya1 yφpk + ya1 higher terms 
= −yb1 + v1yb+11 + v2yb+21 + · · · + v2φp−by2φp1  + u1yb1
+u2yb−11 y2 + · · · + upya1 yφp2 + · · · + ukpya1 yφpk
+ya1 higher terms:
Since u1 = 0, the leading monomial of fy
b−φp
1 is −yb1 . Thus replacing g
by g + fyb−φp1 yields a generating set of lesser depth.
We single out the case e = 1 for later reference.
Corollary 4.7. Let A;m be an Artin local ring of characteristic pη,
η > 1 and m = pA. Let G = Z/pZk, k ≥ 2.
(a) dAG ≤ 1+Pk−1i=0 pi.
(b) If mk−1φp+1 6= 0, then dAG = spAG = 1+Pk−1i=0 pi.
(c) If k ≥ 2, mk−1φp+1 = 0, and mk−1 6= 0, then spAG =Pk−1
i=0 p
i.
(d) If k ≥ 2 and mk 6= 0, then dAG = 1+Pk−1i=0 pi.
(e) If m2 = 0, then dAG ≤ Pk−1i=0 pi.
Proof By hypothesis e = 1 ≤ φp. Part (a) follows from Proposi-
tion 4.1, and part (b) follows from Theorem 4.5-(a). Part (c) follows from
part (b) of Theorem 4.3. Part (d) follows from Theorem 4.3-(c). Part (e)
follows from Proposition 4.6.
numbers of generators of ideals 19
Let A and G be as in the above corollary. Let c be the smallest positive
integer such that mc = 0. Then considering dAG and spAG as
functions of c, parts (d) and (e) of Corollary 4.7 give
dAGc =
8>>>><>>>>:
≤
k−1X
i=0
pi if c = 2;
1+
k−1X
i=0
pi if c ≥ k+ 1:
Parts (b) and (c) of Corollary 4.7 give
spAGc =
8>>>><>>>>:
k−1X
i=1
pi if k ≤ c ≤ k− 1φp + 1,
1+
k−1X
i=1
pi if c ≥ k− 1φp + 2.
In particular, dAG > spAG if k+ 1 ≤ c ≤ k− 1φp + 1.
A theorem of J. Watanabe, which is given in [12, Theorem 4.2], states
that if R;m is a local ring then dR = spR if µm ≤ 2. In [12]
examples are given of Artinian Gorenstein rings with dR > spR when
µm > 3, and it is conjectured that the equality dR = spR also holds
for Gorenstein rings of embedding dimension 3. Since the commutative
group rings RH with R Gorenstein and H finite are Gorenstein [13], the
above corollary shows that AZ/pZ ⊕ Z/pZ is a counterexample to this
conjecture if e = 1, m2 6= 0, and mp = 0. This is noted in [18], where the
following formulas for the Dilworth and Sperner numbers of AZ/pZ ⊕
Z/pZ are given where (A, pA) is an Artin local ring and p ∈ Z is a prime.
Corollary 4.8. Let A;m be a principal Artin local ring with A/m of
characteristic p > 0, and pA = m. Let G = Z/pZ ⊕ Z/pZ. Then
(a) dAG =
8><>:
p+ 2 if m2 6= 0
p+ 1 if m 6= 0 and m2 = 0
p if m = 0
:
(b) spAG =
8<:
p+ 2 if mp 6= 0:
p+ 1 if m 6= 0 and mp = 0
p if m = 0
(c) dAG > spAG if m2 6= 0 and mp = 0:
Proof. By Proposition 2.3, if m = 0 then dAG = spAG =
µMj, where j = p− 1. Thus dAG = spAG = p. The rest follows
from Corollary 4.7.
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For any one-dimensional local Macaulay ring it is well known that the
equality dR = spR always holds. We will return to this point after
Theorem 5.1.
5. THE ONE-DIMENSIONAL CASE
The following theorem shows that if A;m is a one-dimensional local
ring with A/m of characteristic p and G is a finite abelian p-group, then the
Dilworth and Sperner numbers for the Artinian group rings A/miG are
independent of i for i sufficiently large, and the numbers dA/miG,
spA/miG stabilize to dAG and spAG, respectively. This re-
duces the determination of dAG and spAG in the case that A;m
is a Noetherian valuation ring to the case that A;m is a principal Artin
ring.
Theorem 5.1. Let A;m be a one-dimensional local (Noetherian) ring
with A/m of characteristic p > 0, let G be a finite abelian p-group, and let
Q be an ideal of A with Q ⊆ mn for n > dAG. Then
(a) dAG = dA/QG, and
(b) spAG = spA/QG.
Proof. For (a) let R = AG and let M be the maximal ideal of R.
By [14, Theorem 1] we have dR ≤ dR/Mn for n > dR. Thus since
passing to a homomorphic image cannot increase the Dilworth number we
have
dA/QG ≤ dR ≤ dR/Mn ≤ dA/QG:
The proof of (b) is similar.
If A;m is a one-dimensional Noetherian ring that is Macaulay, it is
known that dA = spA = eA, the multiplicity of A. Indeed eA ≤
spA ≤ dA ≤ eA, the first inequality since eA is the stable value
of µmi, and the last inequality by [22, p. 49]. The multiplicity is an im-
portant invariant of a local ring, but is often hard to compute. However,
the above theorem shows that sufficient information on the Dilworth or
Sperner numbers of Artinian rings gives the multiplicity of certain group
rings.
Corollary 5.2. Let A;m be a Noetherian valuation ring of character-
istic zero with A/m of characteristic p > 0. If G = Z/pZk then
eAG = dAG = spAG =
8>><>>:
1+ e
k−1X
i=0
pi if e ≤ φp;
pk if e > φp:
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Proof. Since AG is Macaulay [13, Lemma 2], the result follows from
Theorems 4.5 and 5.1.
Corollary 5.3. Let A;m be a Noetherian valuation ring of character-
istic zero with A/m of characteristic p > 0. If G = Z/pjZ then eAG =
dAG = spAG = minej − t + pt  0 ≤ t ≤ j.
Proof. If G = Z/pjZ then dA/mkZ/pjZ = spA/mkZ/pjZ
= minej − t +pt  0 ≤ t ≤ j for large k by [4, Theorem 1]. Since AG
is Macaulay [13, Lemma 2], the result follows from Theorem 5.1 and the
remarks above.
Corollary 5.4. Let A; zA be a Noetherian valuation ring of character-
istic p > 0, and let G be a finite abelian p-group. Then eAG = dAG
= spAG = G.
Proof. This follows from Theorems 2.4 and 5.1.
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